Mississippi State University

Scholars Junction
Theses and Dissertations

Theses and Dissertations

12-8-2017

Fracture Study on 2014-T6 (LT) Aluminum Alloy Sheet using
Critical-Crack-Tip-Opening Angle Criterion
Sara Himmiche

Follow this and additional works at: https://scholarsjunction.msstate.edu/td

Recommended Citation
Himmiche, Sara, "Fracture Study on 2014-T6 (LT) Aluminum Alloy Sheet using Critical-Crack-Tip-Opening
Angle Criterion" (2017). Theses and Dissertations. 2332.
https://scholarsjunction.msstate.edu/td/2332

This Graduate Thesis - Open Access is brought to you for free and open access by the Theses and Dissertations at
Scholars Junction. It has been accepted for inclusion in Theses and Dissertations by an authorized administrator of
Scholars Junction. For more information, please contact scholcomm@msstate.libanswers.com.

Template A v3.0 (beta): Created by J. Nail 06/2015

Fracture study on 2014-T6 (LT) aluminum alloy sheet using critical-crack-tip-openingangle criterion

By
TITLE PAGE
Sara Himmiche

A Thesis
Submitted to the Faculty of
Mississippi State University
in Partial Fulfillment of the Requirements
for the Degree of Master of Science
in Aerospace Engineering
in the Department of Aerospace Engineering
Mississippi State, Mississippi
December 2017

Copyright by
COPYRIGHT PAGE
Sara Himmiche
2017

Fracture study on 2014-T6 (LT) aluminum alloy sheet using critical-crack-tip-openingangle criterion
By
APPROVAL PAGE
Sara Himmiche
Approved:
____________________________________
James C. Newman, Jr.
(Major Professor)
____________________________________
Thomas E. Lacy
(Committee Member)
____________________________________
Rani Warsi Sullivan
(Committee Member)
____________________________________
Ratneshwar Ratan Jha
(Graduate Coordinator)
____________________________________
Jason M. Keith
Dean
Bagley College of Engineering

Name: Sara Himmiche
ABSTRACT
Date of Degree: December 12, 2017
Institution: Mississippi State University
Major Field: Aerospace Engineering
Major Professor: James C. Newman, Jr.
Title of Study: Fracture study on 2014-T6 (LT) aluminum alloy sheet using criticalcrack-tip-opening-angle criterion
Pages in Study 70
Candidate for Degree of Master of Science
A two-parameter fracture criterion (TPFC), relates the linear-elastic stress
intensity factor KIe and net-section stress Sn at failure with two-material parameters, KF
and m. The objective of this work was to validate the TPFC. Two-dimensional elasticplastic finite-element analyses (FEA) were used with the critical crack-tip-opening-angle
fracture criterion and a plane-strain-core height to match failure loads on middle-cracktension, M(T), specimens made of 2014-T6 (LT) aluminum alloy. The same analyses
were used on single-edge-crack-tension, SE(T), and-single-edge-crack-bend, SE(B),
specimens. A wide range in specimen widths (w = 0.75 to 24 in.) were considered. The
finite-element code, ZIP2D, was used to calculate critical stress-intensity factors at
failure corresponding to all crack configurations for crack-length-to-width ratios of 0.2 to
0.8. The results from FEA agreed very well with the TPFC predictions for net-section
stresses less than the material proportional limit. Further study is needed for higher netsection stresses on SE(T) and SE(T) specimens.
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NOMENCLATURE

B

Specimen thickness, in.

c

Crack length, in.

ci

Initial crack length, in.

d

Minimum element size along crack path, in.

E

Young’s modulus of elasticity, ksi

Fg

Boundary correction factor based on remote gross stress

Fn

Boundary correction factor based on net-section stress

hc

Plane-strain-core height, in.

K

Stress-intensity factor, ksi-in1/2

KF

Elastic-plastic fracture toughness [1], ksi-in1/2

KIe

Elastic stress-intensity factor at failure, ksi-in1/2

KT

Elastic-stress-concentration factor

K

Plastic-strain-concentration factor

K

Plastic-stress-concentration factor

M

Applied moment, kip-in

MF

Maximum applied moment at failure, kip-in

x

m

Fracture ductility parameter [1]

PF

Maximum applied load at failure, kips

S

Applied stress, ksi

Sgf

Gross-section fracture stress, ksi

Sn

Net-section stress at fracture, ksi

w

Specimen one-half width, M(T), or full width, SE(T) and SE(B), in.

δc

Critical crack-tip-opening displacement, in.



Strain



Notch radius, in.



Stress, ksi

A

Maximum stress at notch root, ksi

pl

Proportional limit, ksi

u

Ultimate tensile strength, ksi

ys

Yield stress (0.2 percent offset), ksi

c

Critical crack-tip-opening angle, deg.

LEFM

Linear elastic fracture mechanics

M(T)

Middle-crack-tension specimen

SE(B)

Single-edge-crack-bend specimen

SE(T)

Single-edge-crack-tension specimen

xi

CHAPTER I
INTRODUCTION
Linear elastic fracture mechanics (LEFM) can be applied to materials under
quasi-static conditions that have a low fracture toughness, KIc. For these brittle materials
with cracks, the failure stress can be found to vary linearly with the fracture toughness.
For materials having a high fracture toughness, such as 2014-T6 (LT) aluminum
alloy sheet, plastic deformations occur at and around the crack tip, making elastic-plastic
fracture mechanics the appropriate method to study fracture behavior. These high fracture
toughness materials invalidate LEFM concepts. In an attempt to measure fracture
toughness for some high toughness materials, Wells [2] made the observation that plastic
deformation blunted the initial sharp crack tip in these specimens, and the degree of the
crack-tip blunting increased as the toughness increased. This observation led the way to
the development of the critical crack-tip-opening displacement (CTOD) concept and
later, the critical crack-tip-opening angle (CTOA) concept as an effective measure of
fracture toughness in numerous structural applications.
Burdekin and Stone [3] suggested that the CTOD can be defined from the stripyield model [4] as the displacement located at the termination of the strip-yield zone,
assuming plane-stress conditions and non-hardening (elastic-perfectly plastic) materials.
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Bilby et al. [5] and Smith [6] used the strip-yield model to determine an
expression for the crack-tip-opening displacement, CTOD. The expression agreed very
well with an equation derived from Westergaard [7] complex stress functions developed
by Burdekin and Stone [3]. Rice [8], on the other hand, defined the CTOD as being the
displacement at the intersection of the 90° intercept and the crack flanks.
The CTOA fracture criterion [9], widely used in the aerospace industry, describes
the stable crack extension behavior in materials and characterize their resistance to
fracture. The critical angle is defined as the angle between the upper and lower face of
the crack, calculated at a fixed distance from the crack tip and along the crack path. This
method having only a single parameter, makes it particularly useful for engineers to
simulate crack extension in a given material using elastic-plastic finite-element analyses
(FEA).
Another fracture criterion of significant use in elastic-plastic fracture mechanics is
the J-contour integral. Rice [8] showed in his work that this criterion is an energy
parameter that is equal to the strain-energy release rate (G) for elastic materials. He also
showed that the J-integral is path independent under non-linear elastic conditions.
In 2015, Newman and Newman [10] validated the Two Parameter Fracture
Criterion (TPFC) by using the critical crack-tip-opening-angle (CTOA) fracture criterion
with two-dimensional (2D) elastic-plastic FEA. A linear relation between elastic stressintensity factor, KIe, and net-section stress, Sn, at failure was shown when the net-section
stresses were less than the yield stress of the material for middle-crack-tension, M(T),
specimens as shown see Figure 1(a). They analyzed thin sheets made of several
aluminum alloys with widths (2w) ranging from very small (0.7 in.) to extremely large
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(224 in.) and over a wide range of crack-length-to-width (ci/w) ratios. The FEA results
agreed with test data for M(T) specimens made of 2024-T3 and 2219-T87 aluminum
alloys for half-widths (w) ranging from 1.5 to 24 inches.
Warren et al. [11] simulated fracture on thin-sheet middle-crack-tension, M(T),
and compact, C(T), specimens made of 7249-T76511 aluminum alloy over a wide range
in crack-length-to-width (ci/w) ratios to validate the TPFC using a three-dimensional
(3D) elastic-plastic FEA and the CTOA fracture criterion. The critical CTOA, KF and m
values were found from M(T) specimens and were used to predict failure on C(T)
specimens. Again, the TPFC was validated for M(T) specimens, but overpredicted the
failure loads for C(T) specimens, because the net-section stresses, Sn, were greater than
the yield stress of the material. Mahtabi et al. [12] also validated the transferability of the
TPFC regardless of the type of crack configuration and loading, if the net-section stress
was less than the yield stress of the material.
The 2014-T6 (LT) aluminum alloy was chosen for this work because of its high
fracture toughness and its wide range of applications in the transportation industry.
Orange [13] conducted fracture tests on middle-crack-tension, M(T), specimens for a
wide range of widths (2w). The material was 0.06 inches thick and tested with cracks in
the “long transverse” (LT) grain direction. Fracture toughness, along with other
mechanical properties varies with grain orientation.
As safety is one of the most important considerations in the transportation
industry, engineers must perform precise fracture analysis to avoid any risk of failures.
This work provides, therefore, a detailed study on the fracture behavior of different crack

3

configurations under various loading conditions, and evaluates the TPFC for correlating
and predicting fracture of cracked configurations made of thin-sheet 2014 aluminum
alloy.
The CTOA fracture criterion was used in this thesis because it takes into
consideration the elastic-plastic behavior of the material and was proven to be very
efficient in many fracture analyses [10-12]. The elastic-plastic finite-element code,
ZIP2D [14], developed by Newman, was used in this thesis with a critical CTOD (or
CTOA) criterion to calculate the critical stress-intensity factor at failure, KIe,
corresponding to middle-crack-tension, M(T), single-edge-crack-tension, SE(T), and
single-edge-crack-bend, SE(B), fracture specimens, as shown in Figure 1.
As mentioned previously, the critical CTOD or the critical CTOA concepts have
been shown to model stable crack growth and fracture instability in a variety of materials.
From elastic-plastic finite-element fracture simulations (conducted under load control for
half-widths w = 1.5 to 6 inches) on M(T) specimens made of the 2014-T6 material [13], a
critical-crack-tip-opening angle, CTOA, and a plane-strain-core height, hc, were
determined by a trial-and-error method to match the experimental data. These same
values and procedures were then used to conduct fracture simulations on a much wider
range in specimen widths for crack-length-to-width ratios of 0.2 to 0.8 on M(T), SE(T),
and SE(B) specimens. The fracture simulations were conducted under load control for w
= 0.75 to 24 inches, but under displacement control for w = 0.375 inches. The results
were then compared with the TPFC predictions for all three crack configurations.
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Figure 1

Cracked specimen configurations analyzed: (a) M(T), (b) SE(T) and (c)
SE(B) (Figure from reference 12.)
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CHAPTER II
MATERIAL AND SPECIMEN CONFIGURATIONS
Aluminum alloy 2014-T6 (LT) thin-sheet material was used by Orange [13] to
generate fracture data on M(T) specimens at cryogenic temperature (-320oF). These data
were used to determine the two fracture parameters (KF and m) from the TPFC and also
used to determine a critical CTOA and a plane-strain-core height (hc) from a twodimensional elastic-plastic finite-element analysis of stable tearing and instability. The
CTOA concept and core height were then used to predict the elastic stress intensity factor
at failure, KIe on single-edge-crack-tension, SE(T), and single-edge-crack-bend, SE(B),
specimens. The three crack configurations are shown in Figure 1. The stress intensity
factor equations for these crack configurations are presented in this section.
Aluminum alloy 2014-T6 (LT)
The 2014-T6 (LT) aluminum alloy is mainly composed of aluminum (95%) with
small percentages of copper, silicon, manganese, and other chemical constituents. The
tensile and fracture properties are summarized in Table 1.
Table 1

Aluminum alloy 2014-T6 (LT) tensile and fracture properties at cryogenic
temperature (-320° F).
E (ksi)
pl (ksi)
ys (ksi)
u (ksi)
Poisson’s ratio
c (deg)

11500
60
75.2
86.6
0.33
5.03

hc (in)

0.019
6

Table 2 displays the stress-strain table used for a multi linear stress-strain curve
input for the ZIP2D elastic-plastic finite-element analysis code [14] and Figure 2 displays
the stress-strain curve. The stress-strain curve and table at the cryogenic temperature was
estimated from the modulus of elasticity, yield stress, and ultimate tensile strength
determined by Orange [13]. The proportional limit (pl) was selected at 60 ksi and it is
the true elastic limit for the material. (Appendix A studies how changing the proportional
limit to 70 ksi affects the fracture simulations.)
Table 2

Stress-strain table for 2014-T6 (LT) aluminum alloy at -320° F.
Strain, 
5.22 x 10-3
6.76 x 10-3
8.54 x 10-3
0.012
0.021
0.035
0.049
0.07
0.11

Stress , ksi
60
70
75.2
78
81.3
83.5
84.6
86
86.6
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Figure 2

Stress-strain curve for 2014-T6 (LT) aluminum alloy at -320° F.

Test data were collected from Orange [13] for M(T) specimens of three widths (w
= 1.5, 3 and 6 inches) and over a fairly wide range of crack-length-to-width, ci/w, ratios
(0.01 to 0.33). The 2014-T6 aluminum alloy is used for space vehicles propellant tanks,
therefore, all specimens were immersed in liquid nitrogen or liquid hydrogen during
testing to ensure the cryogenic temperature. Sheets of half-widths up to w = 1.5 inches
were tested using a 20 kips hydraulic tensile testing machine. While tests on sheets of
larger widths, up to w = 6 inches, were tested using a 400 kips screw-powered tensile
machine.
8

Elastic stress intensity factor
The elastic stress intensity factor, K, is a parameter that characterizes and
quantifies the crack-tip stress and strain state. Thus, if K is known, all components of
stress, strain, and displacement are known very close to the crack tip. Irwin [15] was the
first to derive an expression, where the 1/√r singularity is produced regardless of the
crack configuration or the loading mode (tensile or shear), and K is a parameter that
denotes the mode of loading, as opening mode KI, in-plane shear mode KII, or out-ofplane mode KIII, as shown in equation (1).
ij = [ K/√(2πr) fij(θ)]+ higher order terms

(1)

The concept of the stress intensity factor that Irwin [15] introduced is a
cornerstone in the field of Fracture Mechanics. Fracture occurs at a critical value of the
stress intensity factor, denoted as KIc, which is the plane-strain fracture toughness if the
material is brittle.
The stress intensity factor equations for the three crack configurations (M(T),
SE(T), and SE(B)) analyzed in this thesis were obtained from Tada et.al. [16]. It is
convenient to express the stress intensity factor in terms of the net-section stress, Sn,
instead of remote stress, Sgf, because the TPFC uses the net-section stress. Thus, the
general equation for the stress intensity, KIe factor is:
KIe = Sgf Fg√(πci) = Sn Fn√(πci)
where the equations for Sgf, Fg, Sn and Fn would depend upon the particular crack
configuration, and ci , are respectively, the gross section failure stress, the boundary
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correction factor based on remote loading, net-section failure stress, boundary correction
factor based on net-section stress, and the initial crack length. These failure stresses are
computed from the failure load (PF) or failure moment (MF), specimen width or halfwidth (w), sheet thickness (B), and the initial crack length (ci).
For the middle-crack-tension specimen, M(T):
Sn = Sgf / (1 - ci/w)

(3)

Sgf = PF / (2wB)

(4)

Fn = Fg (1 - ci/w)

(5)

Fg = [1-0.25(ci/w)2+0.06(ci/w)4] √(sec(π ci/2w))

(6)

For the single-edge-crack-tension, SE(T):
Sn = (PF /(w-c)B)+(6MF/B(w-c)2)

(7)

Fn = Fg (2w/(2w-ci))+((6ci w)/((2w-ci)2))

(8)

Fg = [0.752+2.02(ci/2w)+0.37(1-sin(π ci/2w))3)/cos(π ci/2w)]√(4w /πci) (tan(π ci/4w)) (9)
For the single-edge-crack-bend, SE(B):
Sn = (PF /(w-c)B)+(6MF/B(w-c)2)

(10)

Fn = Fg (2w/(2w-ci))+((6ci w)/((2w-ci)2))

(11)

Fg = [0.923+0.199(1-sin(πci/2w))4 )/cos(πci/2w)]√(4w/πci)(tan(πci/4w))

10
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CHAPTER III
TWO-PARAMETER FRACTURE CRITERION
Inglis [17] analyzed an elliptical hole in a flat plate with a perpendicularly applied
remote uniform stress, S. The major axis of the elliptical hole was 2c and notch radius
was . The maximum stress at the notch root is A and was expressed as
A =  [1+2√(c/ρ)]

(13)

Thus, the elastic stress-concentration factor, KT, is given by
KT =1+2√(c/ρ)

(14)

For elastic-plastic conditions, Neuber [18] related the plastic-stress (K) and
plastic-strain (K) concentration factors to the elastic stress-concentration factor at the
maximum stress location (KT), as shown by
K K= KT 2

(15)

A combination of equations (14) and (15) permitted the derivation of the twoparameter fracture criterion (TPFC) by Newman [1] as
KF = KIe/[1-m (Sn/u)]

for Sn ≤ ys

(16)

which related the elastic stress-intensity factor, KIe, and net-section stress, Sn, at failure
with two fracture parameters, KF and m. Equation (16) can be rewritten as
KIe / KF = 1-m (Sn/u)
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for Sn ≤ ys

(17)

and shows that the relationship between KIe and Sn is “linear” for Sn less than the yield
stress of the material. Once the two fracture parameters are known, then the net-section
failure stress can be calculated as
Sn/u = KF/[m KF + Fn u√(πci)]

(18)

where KIe in equations (16) or (17) is replaced with Sn Fn√(πci) and solving for Sn. Fn
accounts for the particular crack configuration and type of loading.
Thus, the TPFC is given by equation (16). The equation has two fracture
constants, KF and m, that are dependent upon the material and sheet/plate thickness. KF is
the elastic-plastic fracture toughness and m is a fracture ductility parameter (m = 0 for
brittle and m = 1 for very ductile behavior). When the net-section stress is less than the
uniaxial yield stress of the material, the KIe /KF ratio is a linear function of the net-section
stress with a negative slope, as shown in equation (17). The Sn/u ratio can be expressed
as a function of the two fracture constants (KF and m) and crack length, ci, as shown in
equation (18). The function Fn in equation (18) is the stress-intensity boundary-correction
factor, which accounts for the particular crack configuration, such as free or loaded
boundaries, holes or other geometric changes in the cracked body.
When the net-section stress is greater than the uniaxial yield stress, KIe / KF ratio
is a nonlinear function that depends on the stress-strain curve of the material [1].
Newman made a simple approximation for the TPFC that is represented by the following
KIe/ KF = (ys / Sn) [1-m(Sn/u)] for Sn ≥ ys
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(19)

Orange [13] generated fracture test data on M(T) specimens at cryogenic
temperature (-320 oF). These data were used to determine the two fracture parameters (KF
and m) from the TPFC. These tests were conducted over a wide range in widths and
crack-length-to-width ratios under cryogenic conditions because 2014-T6 is used for
space vehicle propellant tanks.
As can be seen in Figure 3, fracture test data for the 2014-T6 (LT) aluminum
alloy showed that the stress-intensity factor at failure, KIe, is a linear function of the netsection stress at failure to ultimate strength ratio, Sn/σu, when the net-section stress is less
than the “proportional limit” stress of the material. When the nominal stress is greater
than the proportional limit stress, the simple approximation (replacing yield stress with
proportional limit stress in eqn. (19)) is close to the test data taken from Orange [13]. (As
shown in the TPFC section, the original equation was linear up to the yield stress of the
material, but the test data tends to support the use of the proportional limit.) Figure 4
shows that the normalizing crack-tip parameter, ciFn2, correlated the test data very well,
and that the TPFC gave a unique curve. The TPFC worked very well in correlating test
data from ci/w = 0.01 to 0.33, as can be seen in Figure 5.
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Figure 3

Elastic stress-intensity factor, KIe, against net-section stress at failure to
ultimate strength ratio, Sn/σu, for test data
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Figure 4

Net-section stress to ultimate strength ratio, Sn/u, against ciFn2 for test data
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Figure 5

Elastic stress-intensity factor, KIe, at failure against various crack-length-towidth ratios for test data
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CHAPTER IV
CRITICAL CRACK-TIP-OPENING-ANGLE CONCEPT
The CTOA is one the most efficient methods to study stable crack extension and
fracture instability behavior of initially cracked metallic materials under various types of
loading. Results from early experimental and numerical studies on fracture simulations,
such as Newman et al. [18-19], Dawicke and Sutton [20] verified that the CTOA concept
could be used to predict failure loads on cracked thin sheet aluminum alloys. They
showed that the measured critical CTOA value in 2024-T3 aluminum alloy for M(T)
specimens became nearly constant after the crack initiation stage. However, 2D FEA
fracture simulations conducted by Kanninen et al. [21] showed non-constant values of
critical CTOA in the early stages of crack extension using only plane-stress conditions.
These inconsistencies were later proven to be due to unsuitable state-of-stress or
constraint assumptions around the crack front and to severe crack tunneling [19].
Newman et al. [19] also came to the conclusion that while using 2D elastic-plastic FEA
fracture simulations under plane-stress or plane-strain, the critical CTOA had high values
at crack initiation and lower values during crack extension. Thus, the state-of-stress
around the crack front was the key conditions for constant critical CTOA values during
crack extension.
The critical CTOA fracture criterion implemented in finite-element models is
extensively used in the aerospace industry for aircraft structures that are made of very
ductile aluminum alloys, and in the pipeline industry for accurately predicting fracture
behavior in gas pipelines. Newman et al. [19, 22] has shown in previous finite-element
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fracture studies on an aluminum alloy and a steel that by accurately modeling the
constraint around the crack front, the CTOA can be used as a constant fracture property
from the initiation stage until fracture instability. They also noticed that plane-stress and
plane-strain conditions did not give accurate results, and did not fit the experimental data.
This observation led to the plane-strain-core concept using plane-strain elements around
the crack-tip and plane-stress elements everywhere else, as shown in Figure 6. Their FEA
results agreed very well with experimental data. Several other numerical studies also
validated the use of the plane-strain core and a constant CTOA concept. ASTM
introduced a standard CTOA testing process for low-constraint conditions using compact,
C(T), and M(T) specimens [23]. The CTOA fracture criterion has been proven to
accurately characterize the stable crack tearing in both 2D and 3D finite-element
simulations.
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Figure 6

Illustration of Newman’s simplified plane-strain-core concept.

A 2D finite-element analysis was used to investigate and to predict failure of
different cracked configurations. By means of a trial-and-error procedure, the critical
CTOA and the plane-strain-core height, hc, were determined.
The critical CTOA, c, is calculated using the critical CTOD, δc, at a specified
distance, 2d (twice the smallest element size) from the crack tip as:
c = 2 arctan (δc /4d)

(20)

In ZIP2D, the crack-tip node advances during loading to the adjacent node when
the CTOA value reaches or exceeds the critical value [18]. This process continues until
instability occurs under load control or reaches a maximum load under displacement
control. Figure 7 shows a finite-element fracture simulation of a tearing crack using a
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critical CTOD (c) on an aluminum alloy [10], measured at two element sizes from the
crack tip, and the resulting critical angle, c. In comparison, Figure 8 shows the results of
a fracture test conducted on mild duplex steel by C. T. Sun, Purdue University, which
shows that the crack flanks form an arrowhead [24], instead of a blunting crack tip that
would have occurred for a stationary crack. This shape is caused by the wake of
plastically-deformed material left behind as the crack extends into the plastic zone ahead
of the moving crack. Thus, stable tearing cracks in aluminum alloys and steels both
demonstrate that the critical CTOA is a plausible fracture criterion.

Figure 7

Definition of critical CTOA,c, with measurement at two element lengths
from crack-tip location.
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Figure 8

Mild steel sheet fracture test conducted by C.T. Sun at Purdue University
(Figure from reference 24.)
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CHAPTER V
PROCEDURES FOR FINITE-ELEMENT ANALYSES
ZIP2D [14], a two-dimensional elastic-plastic finite-element code was used in this
work to study stable crack growth using the critical CTOA fracture criterion and the
plane-strain-core height, hc. The code uses constant-strain triangles to model the elasticplastic behavior of the material with stably tearing cracks using a nodal-release concept
for crack extension when the critical value of displacement (or angle) is reached or
exceeded. The smallest element size, d, was about 0.005 inches and the element pattern
along the crack path was identical for all crack configurations. The code has the option
for a user to conduct: (1) plane-stress, (2) plane-strain, or (3) mixed state-of-stress
conditions along the crack path. The mixed state-of-stress option is called the “planestrain core”. Here all elements are under plane-stress conditions, except those elements
in a region (2hc measured normal to crack plane) along the crack path that are denoted as
plane-strain conditions, as shown in Figure 6. These plane-strain elements are used to
model the high constraint that develops along the crack front, even in a very thin cracked
body [25].
One quarter of the M(T) specimen was used because of symmetry along both xaxis and y-axis, while one half of the SE(T) and SE(B) specimens were used because of
symmetry along the x-axis. The mesh pattern used for the largest width for M(T)
specimens consisted of about 57,000 constant-strain triangular elements and about 31,000
nodes, as shown in Figure 9. All finite-element models were restrained to prevent rigid
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body motion and the same models were used for all three cracked configurations but
under different boundary conditions. One-quarter of M(T) specimens were analyzed
where symmetry boundary conditions were used along the centerline and crack plane,
whereas, single-edge-crack specimens, SE(T) and SE(B), had only one node fixed in udirection (parallel to crack path) and one-half of the single-edge-crack specimens were
modeled, as can be seen in Figure 10. The boundary conditions for the SE(B) specimen
were identical to the SE(T) specimen, except the uniform stress, S, in the SE(T) specimen
was replaced with a linear-stress distribution resulting in a bending moment, M.
The plane-strain-core concept was used by Mahtabi and Newman [12], Su and
Sun [26] and others. Here the plane-strain core was stationary and the finite-element
stiffness matrix was set by the type of element used (either plane-stress or plane-strain).
However, a more expensive and complex model was used by Su and Sun [26], which is a
moving circular plane-strain-core model with plane-strain conditions around the crack-tip
location and plane-stress conditions elsewhere. During execution of the moving-core
analysis, the finite-element stiffness matrix was updated during the crack-extension
process. The stiffness matrix would change from plane stress to plane strain, and then
back to plane stress, as the crack advances. Su and Sun [26] conducted fracture
simulations on compact, C(T), specimens and the failure loads were similar to those
calculated by using the stationary plane-strain core, as proposed by Newman.
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Figure 9

Mesh pattern used for largest width M(T) specimen. (Figure from reference
11.)

Figure 10

Boundary conditions for crack configurations: (a) M(T) and (b) SE(T)
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CHAPTER VI
FINITE-ELEMENT FRACTURE SIMULATIONS
The finite-element analyses were used to simulate the fracture process in cracked
thin-sheet 2014-T6 aluminum alloy specimens using the critical CTOA criterion with the
plane-strain-core concept. But, first, a convergence study was conducted to select a
model that would adequately simulate the fracture process and failure loads on the test
specimens from Orange [13]. The finite-element models used herein came from the
works of Newman et al. [11, 12]. These are denoted as Models A, B and C. Models B and
C were created from Model A by multiplying all dimensions by 1/2 and 1/4, respectively.
These models are shown in Tables 3 and 4. Table 3 shows the various widths modeled
and the respective number of elements and nodes. The smallest width was only used for
the M(T) specimen; and the mesh covered one-half of the specimen (only crack-plane
symmetry) with a central crack with two crack tips. All other models were used for the
three specimen types, M(T), SE(T) and SE(B), with different boundary conditions and
loading (see Fig. 10). In Table 4, the scalar factor was used to scale the original models
[10] to obtain the specified widths. The smallest element size, d, was about 0.02, 0.01 and
0.005 inches for Models A, B and C, respectively. For each respective Model (A, B or C),
all widths had the same element size and pattern of elements along the crack plane, as
shown in Figure 9(b). Having the same element size and pattern allows for fracture
mechanics similitude where the local stresses, strains and crack-surface displacements
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will be nearly the same for the same critical CTOA. These three models were then used
in the convergence study. Model C was then selected for the final fracture simulations on
the three crack configurations.
A critical CTOA and plane-strain-core height, hc was found by trial-and-error to
fit experimental fracture data on the 2014 aluminum alloy. Then the same critical CTOA
and hc values were used to predict the failure loads on other M(T) specimens that were
smaller and larger widths than the test specimens. In addition, the same conditions
(critical CTOA; hc) were used to predict failure loads and moments on SE(T) and SE(B)
specimens, respectively. For a given crack configuration, M(T), SE(T) or SE(B), the
initial crack length, specimen width, and failure loads (moments), the elastic stressintensity factor at failure, KIe, is calculated from equation (2).
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Table 3
Model A
1.5
3
6
12
24
48
96

Finite-element models used with number of elements and nodes for specified
width.
Model B
Width, w, in.
0.75
1.5
3
6
12
24
48

Model C
0.375
0.75
1.5
3
6
12
24

Elements (a)

Nodes (a)

1,841 (b)
1,841
4,282
6,161
12,960
28,480
56,960

1,035 (b)
1,035
2,356
3,439
7,179
15,621
31,161

(a) One-quarter model analyzed for M(T); one-half modeled for SE(T) and SE(B)
(b) One-half model analyzed for M(T) only with center crack (two crack tips)

Table 4

Development of finite-element models: A, B and C.

Model parameters
Scale factor
Smallest element
size (in.)
Specimen 1

Model A
0.0375

Model B
0.01875

Model C
0.009375

0.01875

0.009375

0.0046875

w = 1.5 in.

w = 0.75 in.

w = 0.375 in.

Specimen 2

w = 3 in.

w = 1.5 in.

w = 0.75 in.

Specimen 3

w = 6 in.

w = 3 in.

w = 1.5 in.

Specimen 4

w = 12 in.

w = 6 in.

w = 3 in.

Specimen 5

w = 24 in.

w = 12 in.

w = 6 in.

Specimen 6

w = 48 in.

w = 24 in.

w = 12 in.

Specimen 7

w = 96 in.

w = 48 in.

w = 24 in.
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Convergence study
Models A was first used to make FEA failure predictions on M(T) specimens
under plane-stress conditions for a wide range in widths (see Table 3) and a crack-lengthto-width ratio of 0.33. To present the fracture simulations, Figure 11 shows KIe against
Sn/u. The experimental test data is shown as open symbols from Orange [13]; and the
solid line is the TPFC analyses for net-section stresses less than the material proportional
limit (eqn. 17). The TPFC line that fits experimental data has fracture parameters of KF =
80 ksi√in and m = 0.79. The dashed curve is the TPFC for high net-section stresses (eqn.
19) with the yield stress replaced by the proportional limit. (The original TPFC equation
was linear up to the yield stress of the material, but the FEA tends to support the use of
the proportional limit. Appendix A investigates the influence of using a different
proportional limit in the FEA.) Trial-and-error procedures were used to match the failure
loads on the largest width specimens. The CTOA was measured at two nodes along the
crack surface from the crack tip. A critical CTOA value of 3.2 degree was found for
Model A. The computed KIe values are shown in Figure 11 as solid circular symbols for
the seven widths (Table 3) analyzed. The largest width (w = 96 in.) had the lowest netsection stress at failure, while the smallest width (w = 1.5 in.) specimen had the highest.
These KIe values agreed with the TPFC results for larger widths, but underestimated the
failure loads on the smaller width specimens.
Model B was also analyzed under plane-stress conditions for a wide range in
specimen widths with ci/w = 0.33. Here, the widths ranged from w = 0.75 to 48 in., since
Model B had smaller elements than Model A. Dimensions in Model B were 1/2 of those
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for Model A. Again, trial-and-error procedures were used to determine a critical CTOA
value to match the largest width specimens. The critical CTOA was, again, measured at
two nodes on the crack surface from the crack tip, which was closer to the crack tip than
for Model A. Here, a critical CTOA value of 3.67 degree was found to best fit the TPFC
line. These KIe values fit the test data fairly well, but it was decided to use a more refined
mesh (Model C) for the final fracture simulations.
Model C was then used to make failure predictions on M(T) specimens under
plane-strain-core conditions on all width values (w = 0.375 to 24 in.) for a crack-lengthto-width, ci/w, ratio of 0.33. With values of 5.03 degree for CTOA and 0.019 inches for
the plane-strain core, hc, the results were nearly linear and fell very close to the TPFC
line (eqn. 17) for net-section stresses less than the proportional limit. For net-section
stresses greater than the proportional limit, the test data and FEA results for KIe fell close
to the simple approximation (eqn. 19), but the yield stress was replaced by the
proportional limit, as was shown in Figure 11.
The results presented in Figure 11 shows a large variation in the critical CTOA
value depending upon the finite-element mesh and state-of-stress. What calculated
critical CTOA value would agree better with experimental measurements could not be
determined. However, one would expect that the finer mesh pattern (smallest element
size) would produce more accurate results.
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Figure 11

Elastic stress-intensity factor, KIe, against net-section stress at failure to
ultimate strength ratio, Sn/u, for M(T) specimens: Model A, B, and C.
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Plastic-zone shapes and sizes
LEFM cannot be used when significant plastic deformations occur at the crack-tip
region. The plastic-zone concept, which is usually tied to metals, describes the nonelastic yielding behavior in the crack-tip region. In the past, two approaches have been
used to estimate plastic-zone size at a crack tip, Irwin [27] derived a simple equation
based on the stress-intensity factor, and the strip-yield model introduced by Dugdale [4]
and Barrenblatt [28]. Irwin’s equation to estimate the plastic-zone size, rp, motivated a
simple connection between the critical CTOD and KI. The strip-yield model accounts for
yielding and gives a better approximation for the size of the plastic zone at the crack tip.
Analyzing ductile materials such as the 2014-T6 (LT) aluminum alloy, which is
ductile at cryogenic temperatures, requires investigating the elastic-plastic behavior near
the crack tip. The plastic-zone sizes at the failure load in the largest width specimen for
Models A, B and C was analyzed to study the number of elements in the plastic-zone
region along the crack path under either plane-stress or plane-strain-core conditions. The
plastic elements corresponding to the maximum load output was found from the ZIP2D
output file that lists all plastic-zone elements. A code developed by Newman was used
afterwards to make some plots which display the number of plastic-zone elements.
Figure 12 shows the plastic elements in the plastic-zone region under plane-stress
conditions for Model A. The x- and y-coordinates are measured from the center of the
M(T) specimen, as shown in Figure 10. The crack length is 2.7 inches and the applied
load is at the maximum load condition. Only one-half of the plastic-zone region is shown.
There were about 40 elements in the plastic zone along the crack path. Figure 13 displays
the plastic elements in the plastic-zone region for Model B under plane-stress conditions,
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the crack length is about 1.4 inches. As expected, Model B has 2 times as many elements
yielding as Model A. However, Model C would have 4 times as many elements yielding
as Model A. Whereas, Figure 14 shows that for Model C, there were 4 plane-strain
elements in the plastic zone along the crack path but a large number of plane-stress
elements above the plane-strain core region (hc = 0.019 in.). The small number of yielded
plane-strain elements was a concern, but appeared to be satisfactory based on the good
comparison between the fracture test data and FEA results of KIe, as shown in Figure 11.

Figure 12

Plastic elements near crack-tip for largest M(T) width specimen for Model A
under plane-stress conditions.

32

Figure 13

Plastic elements near crack-tip for largest M(T) width specimen for Model A
under plane-stress conditions.
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Figure 14

Plastic elements near crack tip for largest M(T) width specimen for Model C
under plane-strain-core conditions.
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Middle-crack-tension specimen
Fracture analyses were conducted on M(T) specimens made of 2014-T6 (LT)
aluminum alloy thin sheets at -320°F subjected to a uniform stress distribution on the
remote section. As previously discussed, trial-and-error methods were used to find the
values of both the critical CTOA and the plane-strain-core height that would fit the
experimental data using Model C. These values were c = 5.03 degree and hc = 0.019 in.
Figures 15 and 16 show KIe against Sn/u using Model C for the various specimen
widths (see Tables 3 or 4) and ci/w = 0.2, 0.25, 0.33, 0.4, 0.6 and 0.8. But Figure 15
presents the results in term on ci/w; while Figure 16 presents the results in terms of width.
Again, the solid line is the TPFC for Sn ≤ pl, while the dashed curve is for Sn > pl. Both
figures show that the FEA (symbols) generally follow the TPFC linear behavior of KIe
for most crack-length-to-width, ci/w, ratios ranging from 0.2 to 0.4, while the calculations
for ci/w ratios greater than or equal to 0.6 show some deviation from the TPFC line. The
maximum difference in the calculations and TPFC predictions was about ±6%.
Figure 16 exhibits the same results as Figure 15, but for different specimen widths
and varying the ci/w ratio from 0.2 to 0.8. These results show a “horseshoe” phenomenon
for widths ranging from w = 0.75 to 6 inches that appear to look like horseshoe tracks.
For a given specimen width, the lowest net-section stress occurs at ci/w ~ 0.4, while the
highest net-section stress occurs for small and large ci/w ratios. In the limit as ci/w goes
to 0 or 1, the net-section stress would approach the material tensile strength. For the
largest width (w = 12 and 24 in.) and the smallest width (w = 0.375 in.), the calculated
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KIe values agreed very well with the TPFC. The reason for the “horseshoe” affect was
unknown, but some possible reasons will be discussed later.
Figure 17 displays the elastic stress-intensity factor, KIe, at failure against various
crack-length-to-width, ci/w, ratios for given specimen widths. The curves present the
TPFC predictions, and shows that the criterion accurately predicts the elastic stressintensity factor at failure for most of the crack-length-to-width ratios. As noticed before,
the FEA match the TPFC predictions for the largest widths (w = 12 to 24 in.) and the
smallest width (w = 0.375 in.) very well, even when the net-section failure stresses were
greater than the proportional limit of the material (dashed curve). In contrast, the TPFC
tended to overpredict the FEA for very deep cracks (ci/w > 0.6) for widths ranging from
w=0.75 to 6 inches. However, the difference from the TPFC is small (less than 6%) and
thus, the TPFC method is generally very accurate.
Therefore, the TPFC presents accurate predictions of the elastic stress-intensity
factor at failure, KIe, for middle-crack-tension, M(T), specimens made of 2014-T6 (LT)
aluminum alloy thin sheets, for a wide range of width (w = 0.375 to 24 in.) and cracklength-to-width ratios (ci/w = 0.2 to 0.8).
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Figure 15

Elastic stress-intensity factor, KIe, against net-section stress at failure to
ultimate strength ratio, Sn/u, for M(T): different crack-length-to-width,
ci/w, ratios.
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Figure 16

Elastic stress-intensity factor, KIe, against net-section stress at failure to
ultimate strength ratio, Sn/u, for M(T): different specimen widths.
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Figure 17

Elastic stress-intensity factor, KIe, at failure against various crack-length-towidth ratios for M(T) specimens.

Results from elastic-plastic finite-element analysis on M(T) specimens agreed
with the experimental fracture data and the TPFC. The linear relation between KIe and
Sn/u was valid for all of the different widths and the wide range of crack-length-to-width
ratios. The largest and smallest width specimens exhibited a more linear behavior than
the other widths that formed a “horseshoe” behavior as a function of crack-length-towidth ratio as can be seen in Figure 16. The same behavior was noticed by Mahtabi et al.
[12] on M(T) specimens. This behavior is under further study, but given that the mesh
pattern may have been transitioning away from the crack too rapidly, more mesh
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refinement may eliminate the “horseshoe” effect in the calculated behavior. In addition, a
“restricted” plane-strain-core concept (App. B) was investigated but the “horseshoe”
effect was still present in the simulated fracture analyses on M(T) specimens.
Figure 18 presents the net-section stress to ultimate strength ratio, Sn/u, against
ciFn2 for M(T) specimens. The FEA is shown as symbols, again, for the wide range in
specimen widths and crack lengths. From the TPFC, the net-section stress, Sn, is a unique
function of KF, m, u, ci and Fn, as shown by equation (18). The normalizing crack-tip
parameter, ciFn2, correlated the test fracture data and FEA data very well. The TPFC
equation (solid curve and dashed curve) predicts that the net-section stress at failure is
uniquely related to the crack-tip parameter.
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Figure 18

Net-section stress to ultimate strength ratio, Sn/u, against ciFn2 for M(T)
specimens.
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Single-edge-crack-tension specimen
The same critical angle and plane-strain-core height (c = 5.03 degree and hc =
0.019 in) used for M(T) specimens were also used to conduct fracture simulations on
SE(T) specimens made of the 2014-T6 (LT) aluminum alloy at -320oF. Model C was
used for these calculations. The elastic stress-intensity factor at failure, KIe, was
calculated for a broad range of widths (w = 0.75 in to 24 in) and various crack-length-towidth, ci/w, ratios (0.2 to 0.8). (There was no SE(T) model for the smallest M(T) model
of w = 0.375 inches.)
SE(T) specimens have an applied uniform remote stress distribution that results in
a combination of both tension and bending stresses on the net section. The same model
and mesh files used for M(T) analyses were also used for SE(T) analyses, with the same
number of elements and nodes. Boundary conditions applied to the finite-element models
are presented in Figure 10 (b) for the SE(T) specimen.
Figure 19 shows the finite-element fracture simulation of KIe against Sn/u
(symbols) on all of the SE(T) specimens (w = 0.75 to 24 in.; ci/w = 0.2 to 0.8). The FEA
(symbols) agreed very well with the linear relation between KIe and Sn/u from the TPFC,
when the net-section stresses were less than the proportional limit, mainly for the largest
width specimens (w = 3 to 24 in.). These results agreed very well with the TPFC solid
line for most of the specimens (w ≥ 3 in.) with only a ±3% difference. The smallest width
specimens (w = 1.5 and 0.75 in.) generally had net-section stresses greater than the
proportional limit of the material; and the computed KIe values tended to level off. These
results clearly support the use of the proportional limit instead of the yield stress for the
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TPFC in equation (19) with yield stress replaced with the proportional limit. However,
these data show that various widths and crack-length-to-width ratios still produce a
unique relationship between KIe and Sn for Sn > pl. (It would be of interest to conduct
some fracture tests on the small SE(T) specimens to verify the uniqueness.) But no
equation has been developed from the TPFC to predict the behavior for the smallest
width specimens when the net-section stress is greater than the proportional limit of the
material. Moreover, the “horseshoe” behavior noticed in M(T) analyses was not present
in SE(T) predictions of KIe against Sn/u for a given width with various crack-length-towidth ratios. These results suggest that the mesh refinement away from the crack plane
may be sufficient.
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Figure 19

Elastic stress-intensity factor, KIe, against net-section stress at failure to
ultimate strength ratio, Sn/u, for SE(T) specimens.

Figure 20 shows a comparison of computed values of KIe at failure against
various crack-length-to-width, ci/w, ratios for the SE(T), using the FEA (symbols) and
the TPFC calculations (solid curves). For the TPFC, equations (17) and (18) were used
to calculate KIe for Sn < pl. The TPFC predicted well the elastic stress-intensity factor at
failure for all crack-length-to-width ratios for the largest width specimens (w ≥ 3 in.). For
small width specimens (w < 3 in.) where the net-section stresses exceed the proportional
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limit, a TPFC equation has yet to be developed.

Figure 20

Elastic stress-intensity factor, KIe, at failure against various crack-length-towidth ratios for SE(T) specimens.

Figure 21 presents the net-section stress to ultimate strength ratio, Sn/u, against
ciFn2 for SE(T) specimens for a very wide range in specimen widths (w = 0.75 to 24 in.)
and crack-length-to-width ratio from 0.2 to 0.8. Again, the normalizing crack-tip
parameter, ciFn2, correlated the test data very well. For Sn < pl, the FEA fell very close
to the TPFC curve (within ±3%). Again, there was no TPFC equation for Sn > pl.
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Figure 21

Net-section stress to ultimate strength ratio, Sn/u, against ciFn2 for SE(T)
specimens.
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Single-edge-crack-bend specimen
Single-edge-crack-bend, SE(B), specimens where subjected to a remote linear
stress distribution that produced an applied bending moment. The same critical CTOA
and hc values (5.03 degrees and 0.019 in., respectively) that were used for M(T) and
SE(T) specimens were also used to conduct fracture analyses on SE(B) specimens.
Again, Model C was used for all calculations. Like the SE(T) specimen, the fracture
simulations were conducted over a wide range of widths (w = 0.75 to 24 in.) and cracklength-to-width, ci/w, ratios (0.2 to 0.8).
Again, the results from the fracture simulations are presented in Figure 22 as KIe
against Sn/u. These results show that the TPFC predicted very well the elastic stressintensity factor at failure, KIe, for the larger width specimens. But the FEA deviated from
the linear relation for the smallest width specimens where the net-section stresses were
greater than the proportional limit of the material. Again, these results support the use of
the proportional limit instead of the yield stress for the TPFC (eqn. (19)). For Sn < pl,
the differences between TPFC predictions and fracture analyses from ZIP2D was very
minor (around ±2%). Here again, a TPFC equation needs to be developed for the smallest
width specimens and high net-section stresses.
Figure 23 shows a comparison of computed values of KIe at failure against
various crack-length-to-width, ci/w, ratios for the SE(B) specimens, using the FEA
(symbols) and the TPFC calculations (solid curves). Again, for the TPFC, equations (17)
and (18) were used to calculate KIe for Sn < pl for the SE(B) specimens. The TPFC
predicted well the elastic stress-intensity factor at failure for all crack-length-to-width
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ratios for the largest width specimens (w ≥ 3 in.). For small width specimens (w < 3 in.)
where the net-section stresses exceed the proportional limit, a TPFC equation needs to be
developed.
Figure 24 presents the net-section stress to ultimate strength ratio, Sn/u, against
ciFn2 for SE(B) specimens for a very wide range in specimen widths (w = 0.75 to 24 in.)
and crack-length-to-width ratio from 0.2 to 0.8. Again, the normalizing crack-tip
parameter, ciFn2, correlated the test data very well. For Sn < pl, the FEA fell very close
to the TPFC curve (within ±2%).
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Figure 22

Elastic stress-intensity factor, KIe, against net-section stress at failure to
ultimate strength ratio, Sn/u, for SE(B) specimens.
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Figure 23

Elastic stress-intensity factor, KIe, at failure against various crack-length-towidth ratios for SE(B) specimens.
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Figure 24

Net-section stress to ultimate strength ratio, Sn/u, against ciFn2 for SE(B)
specimens.
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CHAPTER VII
RESULTS AND DISCUSSION
ZIP2D elastic-plastic finite-element fracture simulations on middle-crack-tension,
M(T), specimens using the CTOA fracture criterion, and the “full” plane-strain core, hc,
supported the linear relationship between the elastic stress-intensity factor, KIe, and the
net-section stress at failure. Elastic-plastic finite-element fracture simulations on singleedge-crack-tension, SE(T), and single-edge-bend, SE(B), specimens, also validated the
linear relationship between the elastic stress-intensity factor, KIe, and the net-section
stress at failure to ultimate strength ratio, Sn/u, when the net-section stresses were less
than the proportional limit stress of the material. Fracture simulations on the SE(T) and
SE(B) specimens clearly supported the use of the proportional limit instead of the yield
stress in the original TPFC equations. The overall results using the FEA with an
advanced fracture criterion (critical CTOA) validated the use of the TPFC, as an accurate
method to correlate and to predict fracture of various crack configurations made of a
ductile material. However, further study is required to develop a TPFC equation to
predict the failure load (or moment) on “bend” type specimens when the net-section
stress is greater than the proportional limit of the material.
During the study, a key issue was encountered on the M(T) specimens for large
crack-length-to-width ratios. For ci/w < 0.6, the predicted KIe values fell very close to the
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TPFC line, but for larger crack-length-to-width ratios, there were discrepancies between
the fracture simulations and the TPFC. In addition, for a certain range of widths, the
fracture simulations resulted in a “horseshoe” effect on crack-length-to-width ratios. (It
would be of interest to conduct fracture tests over the wide range in widths and crack
lengths to investigate these discrepancies. Fracture testing is normally not performed
over such a wide range in crack-length-to-width ratios.) Several studies were made to try
to find a solution to these issues (see App. B). But a possible solution to the horseshoe
effect may be a further refinement of the meshes perpendicular to the crack plane.
However, the FEA on the SE(T) and SE(B) specimens indicated that the mesh refinement
may have been satisfactory because of the excellent correlation (within ±3%) with the
TPFC. Future studies are required to address these issues.
Another issue was also encountered with SE(T) and SE(B) specimens, where the
results on the smallest width specimens didn’t follow the behavior predicted by the
simple TPFC linear relation. The deviation from the linear behavior happened when the
net-section stresses were greater than the proportional limit of the material, see
Appendices A and B. An equation relating KIe to Sn and the tensile properties needs to be
developed for the smallest width bend specimens to predict their fracture behavior.
Figure 25 displays the calculated values of KIe against Sn/u for the three crack
configurations. The results from the FEA agreed to a great extent with the TPFC linear
relation for Sn less than pl. The maximum difference between the finite-element fracture
simulation data and the TPFC line was about ±6% for the M(T) specimens, but within 3%
for the SE(T) and SE(B) specimens for Sn < pl. This clearly validated the transferability
of the fracture toughness concept using the TPFC, therefore, one finite-element analysis
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of a given crack configuration can help predict the fracture behavior of other crack
configurations regardless of their loading and without the need of repeating analyses. For
the bend-type specimens, SE(T) and SE(B), the FEA produced a unique relationship
between KIe and Sn regardless on the net-section stress. However, the SE(T) and SE(B)
results deviated from the M(T) results when Sn > pl. These results occurred when the
calculated net-section stress (tension plus bending) at the crack-tip location exceeded the
proportional limit of the material. Further study is required to develop a fracture equation
that relates KIe, Sn, tensile (pl, ys, u) and fracture (KF, m) properties.
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Figure 25

Elastic stress-intensity factor, KIe, against net-section stress at failure to
ultimate strength ratio, Sn/u, for M(T), SE(T), and SE(B) specimens.

These results established for elastic-plastic fracture mechanics can be utilized to
predict the fracture behavior of structures based on the concept of similitude without
resorting to individually analyzing each cracked specimen on its own. The TPFC is,
hence, a simple methodology that proved to be very consistent and efficient in predicting
failure.
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A similar study was conducted by Malki [29] on the same material 2014-T6, but
in a different grain orientation (TL) and also tested under the same cryogenic (-320°F)
temperature. In Figure 26, test data [13] showed that the stress-intensity factor at failure,
KIe, is a linear function of the net-section stress at failure to ultimate strength ratio, Sn/σu,
when the net-section stress is less than the yield stress (or proportional limit stress). More
scatter is noticed in the test data from the 2014-T6 (TL) than the LT-orientation. Figure
27 shows that the normalizing crack-tip parameter, ciFn2, correlated the test data very
well and agreed with the TPFC analysis (solid curve) very well (within ±6%).
The 2014-T6 (TL) alloy is less ductile than the 2014-T6 (LT) alloy and the critical
CTOA was 4.54 degree with a plane-strain-core height of 0.019 inches (same as the LT
orientation) [29]. The critical CTOA was slightly lower in the TL-orientation than in the
LT-orientation. Figure 28 shows the finite-element calculated values of KIe against Sn/u
for the three crack configurations using Model C for a wide range in specimen widths and
crack-length-to-width ratios. Again, the M(T) results showed the “horseshoe” effect.
And the SE(T) and SE(B) results tend to have a different slope that the TPFC. But the
SE(T) and SE(B) results agreed very well with each other; and showed a similar behavior
as the LT-alloy for net-section stresses greater than the material proportional limit.
The results from the FEA agreed fairly well with the TPFC linear relation for Sn
less than pl. The maximum difference between the finite-element fracture simulation
data and the TPFC line was about 6.5% for M(T), SE(T) and SE(B) specimens for Sn <
pl. For the bend-type specimens, SE(T) and SE(B), the FEA, again, produced a unique
relationship between KIe and Sn regardless on the net-section stress.
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However, the

SE(T) and SE(B) results deviated from the M(T) results when Sn > pl. These results
occurred when the calculated net-section stress (tension plus bending, or bending) at the
crack-tip location exceeded the proportional limit of the material.

Figure 26

Elastic stress-intensity factor, KIe, against net-section stress at failure to
ultimate strength ratio, Sn/u, for 2014-T6 (TL) test data (Figure from
reference 29.)
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Figure 27

Net-section stress to ultimate strength ratio, Sn/u, against ciFn2 for test data
for 2014-T6 (TL) test data (Figure from reference 29.)
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Figure 28

Elastic stress-intensity factor, KIe, against net-section stress at failure to
ultimate strength ratio, Sn/u, for M(T), SE(T), and SE(B) specimens for
2014-T6 (TL). (Figure from reference 29.)
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CHAPTER VIII
CONCLUDING REMARKS
The Two-Parameter Fracture Criterion (TPFC) was derived from Inglis’ elastic
stress-concentration equation and Neuber’s equation that related plastic-stress and
plastic-strain-concentration factors to the elastic-stress-concentration factor at the
maximum stress location. The objective of this study was to use an advanced finiteelement analysis of fracture using the critical crack-tip-opening angle (CTOA) fracture
criterion to compare with the simple TPFC fracture analyses. Three different crack
configurations made of 2014-T6 (LT) aluminum alloy thin sheets tested at a cryogenic
(-320°F) temperature were studied. The crack configurations were middle-crack tension,
M(T), single-edge-crack tension, SE(T), and single-edge-crack bend, SE(B), specimens.
Fracture test data was available on only the M(T) specimens over a wide range in widths
and crack lengths.
Fracture simulations were made with ZIP2D, a two-dimensional elastic- plastic
finite-element code, using a critical crack-tip-opening angle (CTOA) fracture criterion,
and a plane-strain-core height, hc. Computed failure loads or moments were used to
calculate the elastic stress-intensity factor, KIe, at failure. The KIe values were plotted
against the net-section stresses at failure to ultimate strength ratio, Sn/u, for all three
configurations for various widths and crack-length-to-width ratios. The FEA agreed very
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well with the TPFC fracture analyses for all three crack configurations for net-section
stresses less than the material proportional limit (pl).
The use of the TPFC as an effective method to predict failure behavior of
different crack configurations based on one configuration fracture simulation was
validated for M(T) specimens when ci/w < 0.6, and for SE(T) and SE(B) specimens when
Sn < pl. A deviation from the TPFC prediction line was noticed for bending specimens
when Sn > pl. However, the application of the TPFC to M(T) specimens was validated
for both Sn <pl and Sn >pl. The major contribution of this thesis is the validation of the
two-parameter fracture criterion (TPFC) and its transferability for cryogenic applications.
Another important contribution is that the proportional limit stress is where the deviation
occurs between the tension and bend specimens and not the yield stress as was proposed
by Newman [1].
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APPENDIX A
EFFECT OF CHANGING MATERIAL PROPORTIONAL LIMIT
The KIe against Sn/u results for Model C showed a slight deviation from the
TPFC straight line at nearly 60 ksi, which is the proportional limit stress in the stressstrain curve. A change in the proportional limit value was therefore made from 60 ksi to
70 ksi, as shown in the stress-strain curve in Figure 29 and Table 5. Figure 30 displays
the FEA results on the largest width (w = 6 in.) specimen for ci/w = 0.33. This change in
proportional limit caused a small shift upwards from the simple TPFC line (dashed) for
the smallest width specimens, but it ended up making the results for some larger width
specimens deviate slightly from the TPFC.
The original stress-strain curve was therefore used in this thesis to simulate
fracture of M(T), SE(T), and SE(B), specimens.
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Figure 29

Modified stress-strain curve for 2014-T6 (LT) aluminum alloy.

Table 5

Modified stress-strain table for 2014-T6 (LT) aluminum alloy at -320° F.
Strain, 
6.09 x 10-3
8.54 x 10-3
0.012
0.021
0.035
0.049
0.07
0.11

Stress , ksi
70
75.2
78
81.3
83.5
84.6
86
86.6
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Figure 30

Elastic stress-intensity factor, KIe, against net-section stress at failure to
ultimate strength ratio, Sn/u, for M(T) specimens using different stressstrain curves.
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APPENDIX B
RESTRICTED PLANE-STRAIN CORE
Because the “horseshoe” behavior observed on M(T) specimens’ analyses
required an adjustment, a more restricted plane-strain-core region was thought of as a
solution. This restricted plane-strain core was used to possible reduce the variations with
ci/w ratios on M(T) specimens. Taking into account that if the restricted plane-strain core
worked, the effects on the SE(T) and the SE(B) specimens would have to be reanalyzed.
Figure 31 shows a simplified illustration of this model, where xmin was set at two element
sizes behind the initial crack length (ci) and xmax was set such that xmax > cf. The height of
the restricted area was set to be twice the core height (hc).
The restricted plane-strain core concept didn’t change the M(T) specimen results
very much, as can be seen in Figure 32. The “horseshoe” phenomenon was still present
(symbols) for widths ranging from w = 0.75 to 6 inches. Therefore, since the full planestrain-core model worked very well in past research [12-29], the full core was used in this
work.
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Figure 31

Restricted plane-strain-core model.
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Figure 32

Elastic stress-intensity factor, KIe, against net-section stress at failure to
ultimate strength ratio, Sn/σu, for M(T) specimens using restricted planestrain-core concept.
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